Higher Loop String Cosmology 

with Moduli and 

Antisymmetric Tensor Field 



Aram A. Saharian 

Department of Physics, Yerevan State University 

^' 1 Alex Manoogian St., 375049 Yerevan, Armenia 

0^ 
(^ 

o 

Q ; Abstract 

The classical evolution of a homogeneous cosmological model is investigated within 
the framework of low - energy effective string gravity with higher genus corrections. 
Various conformal frames are considered. For the general case of correction functions 

Q I in the Lagrangian we give the cosmological solutions with arbitrary curvature and 

CN ■ dilaton, modulus and Kalb-Ramond fields. They generalize previously known tree 

j^^ ■ level solutions. The features of the solutions are discussed. 
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1 Introduction 

Recently there has been a dramatic new development in the framework of superstring 
and supersymmetric Yang-Mills theories, which leads to the remarkable progress in 
understanding the non-perturbative aspects of these theories ( for recent reviews, see 
01" )• Various duality symmetries play an essential role to compute strong couphng 
phases. One of the main consequences of string dualities is that the five apparently 
distinct superstring theories are actually related by duality transformations. In par- 
ticular the strong coupling physics of certain superstring theories may be reformulated 
as the weak coupling physics of dual string theories (S - duality). Similar property, 
known as T - duality, takes place with respect to length scales. One interesting exam- 
ple is the duality in six dimensions between heterotic strings compactified on 4-torus 
and type IIA superstring compactified to K3. Moreover, recent results indicate that 
different types of string models correspond to different perturbative expansions of 
the same underlying theory, the so - called M- theory ^ , whose low-energy limit is 
eleven dimensional supergravity. 

However, since beyond the first quantized framework of the Polyakov path integral, 
our knowledge of string theory is sorely lacking, it is very complicated to get definite 
results for quantum gravitational effects in framework of these theory. Therefore the 
investigation of stringy effects on the basis of low-energy effective theory becomes 
important. The presence of additional degrees of freedom (dilaton, axion etc.) essen- 
tially differs such a theory from General Relativity (GR). In particular, within the 
framework of such an approach a number of interesting results are obtained in black 
hole physics (see, for example [0]-[]TT| and references therein). Another area of inves- 
tigations of stringy effects is the early cosmology. The cosmological consequences of 
string theory and their possible manifestations are important both for observational 
verification of theory and for the resolution of a number of problems in modern cos- 



mology. Increasingly growing number of works in this direction (see [|T2|-|Q and 
references therein) has resulted to the formation of a new area of cosmological inves- 
tigations - String Cosmology. Recently, various cosmological models with dilaton and 
antisymmetric tensor field have been investigated to leading order in string tension 
as well as with higher-curvature corrections. In most cases the universe evolves to- 
ward strong coupling region where quantum loop corrections become important and 
the tree-level effective action can not reliably describe the dynamics. This motivates 
the consideration of models with loop corrections. Another motivation is related to 
the fact, that the string loop effects may naturally generate different nonmonotonic 
coupling functions in the effective action and consequently a relaxation mechanism 
(Damour - Polyakov mechanism) |^T| by which various moduli fields are attracted 



towards their present vacuum expectation values. In particular, in ^3[ it was shown 
that an inflationary era within Damour - Polyakov mechanism could solve the Polonyi 
moduli problem. 

Recently, an interesting alternative to the standard inflationary universe, moti- 



vated by the scale factor duality ||T8|, ^ of the string effective action has been devel- 



oped in |jT8|,[^] and is known as pre-big bang inflation. According to this scenario 
the universe starts from string perturbative vacuum when the string dilaton is deep 
in the weak coupling region and curvature is small. Because of the instability of this 
vacuum the universe inflates to a stage with strong couplings and high curvature. It 
is assumed that after such an inflationary phase driven by dilaton kinetic energy, a 
branch change occurs to the standard radiation-dominated era (about the possibilities 



of such an exit see ||33[-|3^). The necessary conditions for successful exit are related 
to the violations of energy conditions appearing in Hawking - Penrose singularity 
theorems of GR [0,|^. Loop corrections together with higher curvature terms are 
natural sources satisfying this requirement. 

In the present paper we investigate multidimensional cosmological models with 
variable dilaton in the framework of low-energy effective string gravity with higher 
genus corrections. As an additional source a set of Kalb-Ramond and modulus fields 
is considered. In section 2 the structure of corresponding effective action and various 
conformal frames are discussed. The most important frames among these ones are 
string Einstein and Jordan frames. In section 3 the corresponding field equations 
are derived in general conformal frame and D -dimensional homogeneous anisotropic 
cosmological model is considered. The equations of model take the simplest form 
in Einstein frame (section 4). In particular, in this frame it is easy to find vacuum 
solutions with Ricci - flat subspaces. Further, the anisotropic solutions are considered 
with a set of zero potential scalar fields as a nongravitational source. At D = 4 the 
Kalb - Ramond field can be reduced to scalar field (axion) as well. However for the 
axion, unlike the case of usual scalar fields, at tree level the Einstein and Jordan 
frames do not coincide. The set of scalar fields and Kalb - Ramond field is equivalent 
to an additional source with the extreme hard equation of state. For such a source 
the equations describing the evolution of cosmological scale factors in Einstein frame 
decouple from the scalar field equation. This allows to find the general solution for 
anisotropic model with Ricci - flat subspaces. In section 5 the isotropic model with 
curved space is considered. As in the previous case the extreme hard equation of state 
allows us to find the general solution for the set of scalar fields and Kalb - Ramond 
field. It generalizes previously known tree level solutions. 

2 String effective action and conformal frames 

Perturbative string theory contains two parameters: the string tension a of inverse 
mass squared dimension {h = c= 1) and dimensionless string coupling constant g^. 
The first of them determines the length scale in the theory and controls stringy effects: 
at a — i> the theory becomes the effective field theory. The second parameter Qs 
controls the quantum corrections and is the parameter of loop expansion. At lowest 



order in string tension the effective action can be written down as |3-|7y], [^ 



S = J d^'x^l [-Fr (v9) R - 4F^ (if) dM^d^'^ + Lm {^, Gmn, i^)] , (2.1) 

where if is the dilaton field, R denotes curvature scalar oi D - dimensional metric 
Gmn, Lm - is the Lagrangian density of other fields, collectively noted by a symbol 
ip and, in general, depending on the metric and dilaton (see below). Hereafter the 
symbol ~ above the letters specifies the quantities in string conformal frame, the 
metric of which is the metric of corresponding a- model. Note that the string coupling 
is given by the vacuum expectation value of the dilaton field: Qs = {e'^'^) . In the 
action ( p.l| ) the most important special cases of Lagrangian are: 

1) The antisymmetric Kalb-Ramond field Bmn with strength Hmnp = 39[pi?AfAr] 

1^ = ^Fh{^)H\ H^ = HmnpH'"'''' (2.2) 



2) Gauge field with strength F°-j^ 



MN- 



Lm = Y: -^,F, (ip) F^^^F^'^^ (2.3) 

where the index i labels the various simple components of the gauge group, and index 
a spans the corresponding adjoint representations. 

3) Dilaton potential 

Lrn = -V{^) (2.4) 

4) Modulus fields ipi , which are string modes associated with compactification of 
extra dimensions when D < D^r '■ 

Lm = Yl F^. (<^) &'''dMAdN'ipi - U {^, tp,) (2.5) 

i 

In the simplest cases moduli correspond to the radii of compact dimensions. 

The potential terms in ( ^.4| ) and ( p^.5| ) are expected to be nonperturbative, re- 
lated to the supersymmetry breaking in the theory. The functions Fk {f) , K = 
R, (p, H, F, ipi receive string perturbative as well as nonperturbative corrections. For 
the heterotic string on perturbative level we can write the following expansion 



FK{^) = e~'^il + J2Z^Ke''n (2.6) 



where dimensionless coefficient Zj^ - represents I - loop contribution, and the param- 
eter of loop expansion is e^*^: each loop of the string diagrams gives the contribution 
~ e^'''. At (p '^ —1 the system is in the weak coupling region and is described by 



tree approximation of the string diagrams. Note that for the type-I and type-II su- 
perstrings the kinetic terms of the R-R fields do not have dilaton dependence at tree 
level. 

As already it was noted above, the action (|2.1| ) is written in string conformal 
frame. However, depending on the choice of relevant measuring units, physical are 
various conformal frames (about the physical equivalence of various conformal frames 
see, for example, [^, ^, |2^, ^). For example, if the act of measurement has an 
electromagnetic character, in this process the metric of conformal frame is measured, 
in which the electromagnetic part of the action is independent on dilaton field (Jordan 
frame for electromagnetic field). From the point of view of comparison of a dynamical 
picture of evolution of specific model in various conformal frames it is convenient to 
consider general conformal frame, connected to string frame by transformation of D 
- dimensional metric: 

G^^ = fi2(y.)G*^^ (2.7) 

with arbitrary rather smooth function Q[ip). Up to divergent terms in new conformal 
frame the action ( ^.l] ) takes the form 



S = J d^'x^l [-Fr (y.) R - 4F^ (y.) dM^d''^ + L^ (</^, Gmn, i^)] , {2.t 

where the following new functions are introduced 



4F^{^) = Q 



n— 1 



2 



n{n - 1) in /Vt) Fr + 2n [Vt /Vt) F^ + 4F^ 



V 



(2.9) 



Fr{^) = n"-'Fn, L^iif,GMN,i^) = ^''L^{^,^'GMN,^ 



n = D — 1 - is the number of spatial dimensions, and the prime denotes differentiation 
with respect to ip. The action ( [^.8D represents a generalized D - dimensional scalar - 
tensor theory with nongravitational Lagrangian which depends on the scalar field. 
At tree level it is convenient to choose the conformal multiplier in ( p.7|) as 



fi2 (^) = e«, ^2.10) 

with arbitrary constant c. The gravitational part of the corresponding action is now 



equivalent to D - dimensional Jordan - Brans - Dicke theory with parameter [22 



8-(n-l)c , , 

[4 — (n — IjcJ 

In particular, in string frame (c = 0) we receive from here u = —1. 

The one of the most important special cases of ( p.8| ) is the action in Einstein 
(E-) frame, when the term with Ricci scalar has the standard canonical form. The 
following choice of the conformal factor corresponds to this frame 

^2 (<^) = F-'/("~') (2.12) 



and the corresponding action takes the form 



S 



G 



R-AF^{(p)dM'fd ip + L^(^ip,GMN,i' 



(2.13) 



where overbars indicate that he corresponding quantities are taken in the E-frame. 
Here we assumed, that Fr > 0. If this function is negative valued, the conformal fac- 
tor can be chosen similarly ( |2.12| ) with the absolute value. Now in the corresponding 
action the Ricci scalar will enter with positive sign, and the corresponding gravita- 
tional constant will be negative. The function at the kinetic term of dilaton field is 
connected to the corresponding function of string frame by relation 



For F^p < by introducing a new scalar field as 



(2.14) 



2J-F^d^ 



(2.15) 



^ — —l/{n — 1) and the new scalar field is proportional to the 

2 



the kinetic term can be written in canonical form. Below we shall consider just this 

case. At tree level F 

dilaton: 

^=-L=^ (2.16) 

Vn — 1 

Another important conformal frame of scalar - tensor theories is the so-called 
Jordan frame, in which the nongravitational part of the action does not contain the 
scalar field. In this frame the laws of evolution of the nongravitational fields take 
the same form as in multidimensional GR. For the action ( |2.8| ) the Jordan frame, in 
general, can not be realized. Let us consider the important special case, when in ( |2.1| ) 
the dilaton dependence is factorized: 



Lm (v5, Gmn, -ip) = Fl {(f) L (Gmn, ^ 



(2.17) 



For these Lagrangians the Jordan frame exists, if the function L has a certain con- 
formal weight (3: 

L {n'^GMN, ^) = fi'^£ (Gmn, ^) (2.18) 

In general conformal frame the corresponding function is determined from the last 
relation of (U.9\) and has the form 



L^ = fi^+2/3^i(¥^)i:(GAfiV,^) 



(2.19) 



Now the choice of the conformal factor in accordance with 



^D+2/3 



Fl{¥^) 



(2.20) 



leads to the Jordan frame with exception of the case j3 = —D/2 , when Lm is confornial 
invariant. For examples considered above the parameter f3 has the following values: 
P = —3 for Kalb - Ramond field, [3 = —2 for gauge field, /3 = for dilaton potential. 
The Lagrangian ( p. 51) has a certain conformal weight (/? = —1) if the potential terms 
are absent and the condition ( |2.17| ) is fulfilled if the functions at kinetic terms are 



universal. Note that for the R-R fields the string and Jordan frames coincide at tree 
level. 

The next conformal frame, useful for calculations of quantum gravity effects in 
background field method (see for example WW) is the frame with no dilaton kinetic 



term in the action, corresponding to Fip ((f) = in ( |2.8| ). As it follows from relation 



^ such a frame exists when F^ < 0. 

3 Field equations and cosmological model 

By introducing a new scalar field 

^ = Fr{^) (3.1) 

the action ( p.8|) can be written as 

S = f d'^x,/\G\ [-^R + uj ($) dM^d^^/^ + L ($, Gmn, ^)] , (3.2) 

where the following notation is introduced 

00 ($) = -4F^|^, L ($, Gmn, ^) = L^ {^ ($) , Gmn, i^) (3.3) 



The theory defined by ( pJ.2D is a generalized D - dimensional scalar - tensor theory of 
gravity with nontrivial coupling of gravitational scalar to the nongravitational sector. 
The variation of this action leads to the following equations of motion for Gmn and 



$ (see also |^ for corresponding equations in scalar-tensor theories and p2| , |46| , ^ | 
for corresponding tree level equations): 

RmN-^GmnR = ^TMN + ^iDMDN<^-GMNa^)+ (3.4) 



" -R + 



|»- **«'(!) 



G\ ^"^ 



where Dm denotes the covariant derivative by metric Gmn, ^ = G^^^ DmDn is the 
covariant Dalambertian, 



2 ^[L^\G\^ 



is the energy - momentum tensor. Eliminating R with the help of convolution of the 
first equation (|3.4| ) these equations can be written down also as 

1 /„ GMNrT.\ _ ^-l^n n ^ , ^MN, 



^M^ - ^ (^^A/^ - ;^^j = ^-'l^DMDr,^ + -^mj (3.6) 

+^dM^dN^, (3.7) 



2 L + -^^] n$ + d^^dpuj = I T + 

V n — IJ n — 1 \ 



1 L. n-ljH\G\ 



5^ 



As a consequence of dilaton dependence of Lagrangian L the corresponding energy- 
momentum tensor is acted upon by a dilaton gradient force: 



^ ^^Vl^l 



DmW = - r- /^ ^ ^^- (3-8) 



We shall consider D - dimensional homogeneous cosmological model with space- 
time structure R ® M^ ® ...® M^ and with the metric 

Gmn = dtag (iV^ (t) , ..., -R^ (t) g^ ...) , (3.9) 

where Mj is a maximally symmetric rii dimensional space , J^^t = it-, dim i^ ^^^ 
metric in this space, Ri{t) and A^ are corresponding scale factors and lapse function. 
Functions N{t) and Ri{t) ,. are depending on conformal frame and are related to the 
corresponding quantities in string and E - frames through the transformations 

N{t) = n-^{ip)N{t)=U'^N{t), (3.10) 

Ri{t) = n~^{ip)Ri{t) = U~%{t), U = nF^^^''''^K (3.11) 

They relate the pictures of cosmological evolution in various frames. From the field 
equations it follows, that for the metric ( p.9|) the energy - momentum tensor is diag- 
onal and can be represented as 

T^ = rfm^(£,...,-0.,-), (3.12) 

where e is the energy density, pi is the effective pressure in the subspace M\ If the 
Lagrangian does not depend on derivatives of the metric tensor, the values of these 
quantities in various conformal frames are related by 



T*^ = fi^Tjf = H^'t;!^ (3.13) 



Introducing the notation 



p 



1 6LJ\G\ _ 
Pile, a= — 1= — I , a=l— > njaj (3.14) 

e.^\ S^ h 



The equations of cosinological model can be written down as 



2 $ Rf 



Y, auHiHi + J2 kiUiN' 



2?^j 



i,l=0 



m 



— 6i£:, « = 0, l,...,p 



(3.15) 



where the overdots denote time derivatives , ki = —1, 0, 1 for subspaces with negative, 
zero and positive curvatures, correspondingly. 



y 

bo 
5o 



Ri/Ri, i = 0,l,...,p, Ro = ^, no = l 

Y,n,H,-N IN, h'' = [uj{n-r 

i=0 



n\ 



¥■' 



a + {n- l)a—r 



4{n-l)F^ 
bo 



bi = 7;[ai + 

2 \ n — 1/ n — \ 



{F'n/Fn) 
i = l,...,p 



(3.16) 

2 



-UJ. 



1-n, Si = l, an = niUi - mSii, i = l,...,p, aoo 
At tree level and for the conformal factor (|2.1CI|) the function b (if) is constant 

b=^{n-l)-l, Fn = e''^. (3.17) 

The choice A^ = 1 corresponds to the synchronous reference system in general con- 
formal frame, and synchronous time coordinate is depend on particular frame. In the 
cosmological context the conservation equation (|3.8| ) takes the form 



6 /e + Y^ ni{l + ai)Hi + a <^= 0, 



(3.18) 



where the quantities a^ and a, in general, are functions of time. Note that in the 
Jordan frame a = 0. From (|3.13|) it follows, that Oj are conformal invariant, and the 
quantities a in various conformal frames are connected by relations 



a = a — aQ /Q, 



(3.19) 



if the Lagrangian L^ does not depend on derivatives of the metric. 

In the case of the equation of state with constant Oj and for the function a, 
depending only on dilaton field , the integration of equation ( p.l8|) yields 



£ = const ■ exp i— a {(f) dip]Y\_Ri 



-ni(l+ai) 



(3.20) 



In particular, for dust matter Oj = and we obtain e ~ 1/V^, where V is the volume 
of multidimensional space. 



As an example of an additional source we shall consider system of scalar fields 
ifji with Lagrangian density (|2.5|) for the case of zero potential. Within the frame- 
work of homogeneous cosmo logical models assuming that ipi = il)i{t) we obtain for 
corresponding energy density and pressure 

e=p, = L^ = Y,F^^^lj] /N^ (3.21) 

i 

and therefore 

ai = l, i = l,...,p, (3.22) 

that is the system is described by the extreme hard equation of state. The corre- 
sponding coefficients hi are determined from (|3.16|) and are equal 

u _ Pr '^«_a), h, = -^,i=l,...,p (3.23) 



8FrF^\Fr ;' l-n 

From the equation of motion for the field ipi 

Om (^^iF^^C^'^dr^A) = 0, (3.24) 

we now obtain 

C-N ^ 

A=J7^^ V = l[Rr (3.25) 

where Ci are integration constants. Hence the expressions for the energy density and 
function a take the form 

^ = y-'EC^FA^ » = ^,EC!FjFl. = -[ln{eV^)]' (3.26) 

Since the function a depends only on dilaton field, the last two relations can be 
derived also by starting directly with ( |3.2CI| ). 

Another important example of an additional source is Kalb - Ramond field (see 
^). The corresponding equations of motion have the form 

9m (v^Fh//^^^^) = 0, FH = n''~'FH. (3.27) 

In D = 4 these equations are solved by the ansatz 

Ml 



where e^^^Q is completely antisymmetric 4-tensor, h is the pseudoscalar field of 
axion. From the Bianci identity O^qIImnp] = the equation of motion for the field h 
follows: 

ah - d^'hdMFH/FH = (3.29) 

9 



The corresponding Lagrangian density has the form 

L^ = F^d^'hdMh, Fh = 1/ {2Fh) (3.30) 

in general conformal frame related to the string one by transformation (|2.7| ). Thus 
in this case the Kalb - Ramond field is equivalent to the pseudoscalar field h and 
the corresponding formulas are a special case of the previous example. However it 
is necessary to note, that if for usual scalar fields in the string frame at tree level 
F^^ = e"^*^, for the heterotic string axion, as it follows from ( p.30| ), Fh = e'^'^/2 and 
for the type-I axion F^ = 1/2. 

4 Solutions with Ricci - flat subspaces 

The cosmological field equations are simplest in the Einstein metric. By introducing 
a new scalar field in accordance with ( ^.15| ), the system of equations ( |3.15D can 



be written as (here and below, to not complicate the formulas,we omit the overbars 
over the letters indicating the quantities in the E - frame; everywhere, where it is not 
especially noted, the E - frame is considered) 

Hi + lY^riiHi-N /N\Hi = N\e - N^h^-^, z = l,...,p (4.1) 



u=l 



-R, 




-N^a^e 



• ^ 71/ ' — X 

-fi,- 



p 



where now in E - frame 



1 / a \ 1 ^LJ\G\ 

bi = -[ai + , a^= I (4.2) 

2 V n-lj e\ \G\ ^r 



From the second equation of (|4.1| ) it follows, that for the solutions with constant 
dilaton ip = ipo, the values v?o have to be roots of the equation a (ip) = 0. The dilaton 
can be fixed both by dilaton potential, or by nontrivial dependence of Lagrangian 
of the other fields on dilaton (see, for example, (|2.2|) and ( ^73|) ). The second way is 
known as Damour - Polyakov mechanism [^. The solutions with constant dilaton 



coincide with corresponding solutions of multidimensional GR. Let us consider the 
behavior of the cosmological models in the neighborhood of these solutions for the 
case of a set of zero potential scalar fields as a nongravitational source (see (|3.21|) ) (on 
the relaxation of scalar - tensor isotropic cosmological models to the solutions with 



10 



constant scalar field see [^ and references therein). For such a source it is convenient 



to introduce a new variable r in accordance with 



N 
dr = —dt (4.3) 



By taking into account ( p. 201) and ( |3.26D we obtain from the second equation (|0| ) 



an evolution equation for as function of r: 

d'^d) 1 d 



dT^ 



{eV) (4.4) 



As it follows from here for a solution with constant scalar field (p = (po the value (po 
has to be an extremum of the function eV"^: 

The equation ( [4.4] ) can be thought of as describing a one dimensional dynamics of 
a particle with a potential term ¥"^8/2. The singular points of the corresponding 
autonomous dynamical system are determined by equation ( |4.5| ) . On the phase plane 
{(j),d(j)/dt) these points are saddle points for loq = f^^^^j _ < and center for 

ujq > 0. For both these cases the dilaton dependence of the Lagrangian for modulus 
and antisjTiimetric tensor fields can not drive the cosmological model toward a state 
with constant dilaton. For the isotropic fiat cosmological model this result follows 



also from the analysis of Ref. [|73[,[0 and is a consequence of the fact that for the 
source with equation of state e = p the corresponding friction term in the scalar field 
equation vanishes. Note that for the case tuo > in the neighborhood of singular point 
the trajectories on the phase plane (0, dcp/dt) are closed curves and the corresponding 
solutions have the form — 0o ~ cos ( JuJqt + tq 



4.1 Pure gravi - dilaton solutions 

We start with the simple case of Ricci - fiat subspaces {ki = 0) and zero nongravita- 
tional sources (L^ = 0). From the system ( [4.1D we find 

H = const ■ N/V, (f)= const ■ N/V (4.6) 

Introducing E - frame synchronous time coordinate tE'- 

dtE = N{t)dt (4.7) 

the solutions to cosmological equations can be written as 

H ^ 

Hi = — , Ri = Rio \tE — to I '° , 2Z^«-^«o ^ ^ (^•^) 

tE - to j=l 

11 



(j) = (j)io\n\tE-to\+(f)o, (j)lo + T.^iHl = l (4.9) 

4 = 1 

where Hio, Rio, (po,to- are integration constants. The last relation is a consequence of 
the constraint equation. Then 0io = from (|4.8| ),( ^l9D one obtains the multidimen- 
sional generalization of the Kasner solution of the D - dimensional GR. Note that 
unlike the case of Kasner solution, the solution ( [4.8|) , ([4.9|) has an isotropic limit when 
one obtains Hio = 1/n, 0io = ±\/ 1 — ^/n ■ 

For given functions F^ {(f) and Fr {(f) the time dependence of dilaton field is 
determined from 

where the integrand can be expressed through the previous functions by the relation 
( [^.14| ). Note that the behavior of dilaton field is always monotonic if the function F<^ 
does not change the sign. The corresponding solution in string frame can be found 
by transformation 

R, = F'/'-^^R,, dts = F'/'-'^^dtE (4.11) 

where tg is string frame synchronous time coordinate. At tree level the solution of 
string frame takes the form ]l^ |l8l 

(4.12) 



\n\tE-to\=2 J-F^d(f, (4.10) 



(p-(po = 


= (fio In ts - 


' tso\ , Ri — Rio \ts - 




i=l 


= l + 2¥?io, 


1=1 





The same solution in general conformal frame can be found in [Q. The corresponding 
isotropic solution has the form 

(^ = (^o + 7T(±v^-l)ln|ts-tso|, Hi = ^^ (4.13) 

2 V / y/n{ts- tso) 



In the case tg < tso and for the lower sign, ( |4.13| ) describes super inflationary expan- 
sion, when the evolution of the universe starts at t^ = — oo and dilaton is deep in 
weak coupling region. Such an expansion is driven by kinetic energy of the dilaton 
field and corresponds to the pre-big bang phase of the mechanism for inflationary 
evolution proposed in |T^, [ PTf . 

4.2 Solutions with modulus and Kalb - Ramond fields 

In the equations ([4.1D as an additional source we shall consider a set of scalar fields 



and Kalb - Ramond field: 



Lm = Yl F^^d^^.dM^, + ^Fh {(f) H^ (4.14) 
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As it has been mentioned already, if we accept the ansatz ( p.28|) , the Kalb - Ramond 
field is also reduced to the scalar field with Lagrangian ( |3.30|) . In particular, in 
cosmological context we shall assume 



Pi 



Lm = T. Fi'. ^^ /N' = E ^^. ^i /N' + Fn h /N' 



(4.15) 



and prime specifies the fact that the corresponding sum includes also the contribution 
of the axion field. For the functions F^. in accordance with ( f^.T] ) and ( 2.12| ) we have 
in E - frame 

F^^ = F^JFr, Fh = {2FhFr) ' . (4.16) 

It follows from here, that at tree level of the heterotic superstring, thanks to the 
universality of the functions F^ (ip) : 



■>Pi 



o^V 



/2 



(4.17) 



For the type-I superstring we have Fh = e^'^/2. Thus, for usual scalar fields (it 
concerns also to the dilaton field) at tree level the E - and Jordan frames coincide, 
while for axion field this is not the case. By taking into account these relations one 
obtains the following asymptotic behavior of potential term of ( [4. 4) ) in weak coupling 
region: 

^^V2 = E7^~iEC^ + C^-r ¥'«-l (4.18) 



2-F,/, 



and the contribution of the axion field dominates. It follows from (|4.15|) , that for a 



source with the Lagrangian ( |4.14| ) all coefficients a, are equal to 1, and therefore as we 
can see from ( [4. 21) all coefficients bi are equal to zero. For these values and for Ricci - 
ffat subspaces the solution of the first equation ( |4.1| ) for scale factors in synchronous 



system of coordinates is still determined by the relation (4^). From the constraint 
equation we now have 



£+ 



Aih 



tc 



\-2 



A 



H^^H, 



2 



(4.19) 



1=1 



(note that, if the all subspaces are expanding then the constant A is positive) where 
the energy density is determined by the relation (see ( |3.26| )) 



^0 {^E — to 



E 



c? 



(4.20) 



The substitution of this expression in ( [4.19| ) and integration of the obtained equation 
leads to the following result 



ln\tE-to\ = ±J 



A-ECfK-'/F^ 



-1/2 



(4.21) 
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Here the functions F^^ are related to the corresponding functions of the string frame 
by ( [4.16|) . Further for given function 9? (t^) from the equations (|3.25|) one finds 



^j 



J ^0 



C/jdt} 



Fllji{^)\tE-to\' 



(4.22) 



For the given couphng functions in ( pAl) the formulas (^^ , ( [4.16| ), ( [4.21| ), ( [4 .221 ) 
determine the evolution of the corresponding cosmological model in the E-frame. 



The string frame solutions can be found by transformations ( 4.11 ). Note that unlike 
the case of the E-frame, the solutions for string frame scale factors do not coincide 
with corresponding vacuum solutions. 

As has been previously mentioned, for the solutions with constant dilaton (p = (f^ 
one has a {ipo) = 0. For such a solution together with ([4.5|) we have the following 
relation between the integration constants 



j:cx~yF^A^o)=A 



(4.23) 



and the formula 



i^i = i^io + 



a 



K)i^V. (V'o 



In It, 



tn 



for modulus and axion fields. By taking into account (|4.8| ) and 
hood of this solution we receive 



— 00 ~ cos 



Va 



In Its -to I 



(4.24) 
3D in the neighbor- 



(4.25) 



At tree level taking into account the expressions (|4.17| ) for dilaton we find from 



,2</5 



«! 



Ai 



± 



KB ~ to + -pr \tE — to 



Al 



(4.26) 



A-T.CX- 



in-l] 



1/2 



«2 = 2Cl{n - l)/alV, 



; 



Ai- is an integration constant (for the type-I superstring one has e*^ in the left hand- 
side and ai/2 in the right hand side). For nonzero antisymmetric tensor field from 
( [4.26| ) one obtains a restriction on possible values of dilaton field: e^*^ > ot2- At the 
same approximation from the equations (|4.22|) we obtain 



C 

A = V'io + Trinity; -to I 



(4.27) 



hn - 



4Ch 
aiVoAj 



1 2a 



ltj,-ton+a2/Ai 
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with integration constants ipio and ho- The corresponding solutions in string frame 
can be found by transformation ([4.11|) . Here we shall consider a simple case of zero 



Kalb - Ramond field, corresponding to the value of constant 02 = {Ch = 0). At 
tree level the synchronous time coordinates in string and E - frames are related by 

ts — tso = const ■ \tE — to\ +"i/("~ > 

and the solutions of string frame are 

Rr ~ |t.-t,or'°, e^"^ r^ \ts - tsor (4.28) 



1=1 i=l 



where the constants can be expressed via the previously defined constants by relations 

5i = T^ 7T, ^^1 = ^ 4.29 

Hio = HiQ + 



n — 1/ «! 
For the pure gravi - dilaton case we have ipn = and ( [4.28[ ) coincides with ( [4.12| ). 



5 Isotropic models with curved space 

In the previous section we have considered multidimensional anisotropic cosmological 
model with scalar and Kalb - Ramond fields for the case of Ricci - flat subspaces. 
We shall now consider the isotropic models with curved space. In E - frame the 
corresponding system of cosmological equations can be obtained from ([4.1|): 



H+H{nH-N/N) = N'%e - N'k'—-^ (5.1) 

^ + (p{nH-N /N) = ^N^a^e, 
where 

The constraint equation has the form 

N^£+ 0^= n{n - 1) (i/2 + kN^/R^) . (5.3) 

The solution of cosmological equations becomes essentially simple for a source with 
the extreme hard equation of state e = pi {ai = 1) . In particular, as it was shown 
in the previous section, this condition is fulfilled for a set of scalar fields and Kalb 
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- Rainond field with the Lagrangian ( |4.14|) . For such sources the first equation of 
system (|5.1|) coincides with the corresponding vacuum equation and is solved most 
simply in terms of conformal time t], corresponding to the gauge N = R: 

ds^ = R^ (drf - dP) . (5.4) 

Now by integrating the first equation of ( |5.1| ) for Hubble function we find 

5/i?2(«-i) _ k (5.5) 



H' 



where B is an integration constant. It follows from here, that for closed models 
{k = 1) scale factor varies in finite interval < R < Rm, where Rm = B^^'^^"'~^\ 
Making use of Eq. (|5.5|) from the constraint equation one obtains 



\dv, 



n{n 



i?2(n-l) 



-B 



(5.6) 



and therefore if the energy density is nonnegative, then i? > . Note, that the 
solutions with negative B can be realized only for models with spaces of negative 
curvature, and in this case the scale factor varies within limits 



and the corresponding models are nonsingular: 

R = R^,,[ch{n-lW^''-^K 



(5.7) 



(5.^ 



For the solutions with non-negative energy density, solving the equation (|5.5|) for the 
scale factor we have 



R — Rn 



—j= sin \fk{n — 1) 



^ 



l/(n-l) 



(5.9) 



In view of this from the constraint equation we find for energy density 

/ , , \ 2 



N^e^ 



kn{n — 1) 



dr] 



sm 



\/k{n — l)r/ 



(5.10) 



In what follows we shall assume < (ra — V)ri < vr for k = 1 and < [n — l)ri < cxd for 
k = 0,-1. The solutions in the other regions can be obtained fro here. Let us consider 
as a nongravitational source the system with the Lagrangian density ( 4.14 ) and energy 
density ( [4.15| ). Below we shall not specify the value of dimension n of space. The 
substitution (|4.15| ) into the constraint equation ( |5.10|) leads to the following equation 



±Vk, 



dv sin \\/k{n — l)i] 



n{n-l)-RT-'Y.^ 



1/2 



(5.11) 
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By integrating this equation for dilaton field we find the following relation 



±ln 



7t' 



Vk{n-l)^ 



(n-1) 



n 



R 



AK„ 



n 



X 



n[n 



^ \Fr) Fr 



1/2 



(5.12) 



2FR 



i^i 



-1/2 



dip 



For given functions Fk (if) in the Lagrangian (O) this formula together with 
determines the dynamics of corresponding cosmological model. For models with neg- 
ative energy density the evolution of dilaton field is determined from the relation 



± 2arctg 



,{n-l)ri 



in-l] 



E 



C? 



R 



2(l-n) 



T-i " "min 



— nin — 11 



-1/2 



(5.13) 



and the scale factor has the form ( ^.8|) . Further we shall consider models with non- 
negative energy density. For given function Lp (77), determined from (|5.12|) , the depen- 
dence of the other fields on time is determined from the equation ( |3.25| ): 



difji 



a v^F^-/ (^) 



dTl i?r^ sin [v^(n - l)r/ 



(5.14) 



In particular, for ipi = h one obtains the equation for the axion field. For the given 
coupling functions, the expressions ( p.9[) , (|5.12|) , ( |5.14|) determine the evolution of 
isotropic cosmological models with A; = 0, ±1 in terms of conformal time coordinate 

V- 

In what follows it proves convenient to define the new variable z according to 



-^tg [Vkin - l)r]/2 



(5.15) 



The formula ( p. 91 ) for the scale factor can be now written down as 

/ z \ V{«-i) 

R = Rn 



l + kz' 



(5.16) 



The above mentioned solutions are written through conformal time t] , which is con- 
nected to E - frame synchronous time coordinate by relation 



tE-to = ± fRdr] = ± \ f 

J n — 1 Jo 



z^l^-^-^Uz 



n-lJo (l + A;22)«/(n-i)' 



(5.17) 



where the integral in the right hand side can be expressed through hypergeometric 
function. The corresponding solutions in string frame can be found by transformation 
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( [4. lip . For open models {k = —1) the variable z varies within limits < z < 1, thus, 
as it follows from (|5.171) , time coordinate is not limited. In the case of closed models 
< z < oo, and tE varies in finite limits: 



\tE — to\ ^ie 



Rf) 



n 



r 



-B 



n 



n 



2 n-lV 2(n 



(5.18) 



where B{x, y) - is Euler /5- function. For the models with a flat space from ( |5.16| ) we 
have i? ~ |t£; — to| ; which is the isotropic limit of the solution ( |4.8| ). In the limit 
^E —>■ to the contribution of curvature terms is negligible and the behavior of open 
and closed models is the same as in a flat case. For an open model and Ie —>■ oo from 
i ^M ) and (|5T7D we have i? ~ t^^. 

For the solutions with constant dilaton ip = ipQ the value ipo has to be a solution of 
the equation ( [4.5|) and from ( ^.llj ) we obtain the following relation between integration 
constants 

E TT^^^""^ = Mn - 1) (5.19) 



and the expression 



^i 






i?i, " In z + const 



(5.20) 



[n - l)F^^ (ifo) 

for modulus and axion flelds. In the neighborhood of this solution for models with 
variable dilaton one obtains — 0o ~ cos fy/ciJoi?^"^^). 

We now turn to the consideration of the obtained solutions at tree level of the 
heterotic string ( the corresponding type-I solutions can be obtained by replacements 
e^*^ — > e*^,/?! — >■ /3i/2), when the corresponding E - frame functions are deflned by 
relations ([4.17|) . The integration of (|5.14|) now leads to the result 

a 



iJi = ipii\nz + ipio, Vii 



{n - 1)R 



n-\ 
m 



(5.21) 



Similarly, from the relation ( |5.12| ) for dilaton fleld we flnd 

e^'^ = (Aiz^i + (32Z-^' Ml) /2, (5.22) 

where Ai is an integration constant, and jSi are connected to the earlier introduced 
constants by relations 

1/2 



^2 



± 



n 



-Rl'-^Y.cVi 



n 



(5.23) 



2C^/ 



n{n — l)i?; 



2(n-l) 
m 



Y.CI 



As it follows from ( |5.22| ) for models with nonzero Kalb - Ramond fleld the values of 
dilaton are limited by inequality e^'^ > (32- From here as a necessary condition of 



existence of weak coupling region we obtain: /32 <^ 1- By taking into account the tree 
level expression F^ = e^'^/2 from the equation (|5.14|) we find for axion 



with a new integration constant Hq. For the scale factor and synchronous time coor- 
dinate ts of string frame from the relation ([4.11|) we have 



t. = t 



^/3i+^^l/^2Xl/(n-l) 

1 + kz^ 
±2 f^ R (z) dz 



R = J?o(. V.J ' ] (5-25) 



sO 



n — I Jo 1 + kz"^ 



As in the E - frame, here time coordinate tg varies in finite limits for closed models 
and is unlimited for A; = 0, — 1. For the models with zero scalar fields ipi the constant 
/3i = ±y/n and from (|5.16|) , ( |5.22| ) and (|5.25| ) we obtain the solutions earlier considered 
in [|5 



In the limit 2; — > all solutions tend to the solution with a flat space, and in the 
E - frame 

i?~|ti5-tor/", e^^^ltE-tof'"^, tE^to (5.26) 

{Ps = ~ \Pi\ for /52 7^ and P3 = /3i for /32 = ). In the string frame one obtains 

Rr^\ts-tso\-+^3 ,\ts-tso\ = \tE-to\ " ,ts^tsO (5.27) 

In this limit one has -R — *> , while the limiting value of string frame scale factor is zero 
or infinity for P3 > —1 and /?3 < —1, correspondingly. Note, that |/?3| = |/5i| < y/n. 
For the case (3^ = —1 one has 

R r^ const + (ts - tsof , e^'^ r^ \ts - tso\~^ , ts ^ iso (5.28) 

Despite the fact that in this case the string frame scale factor is finite at ts = tg 
the model is singular, because at that point the dilaton field is divergent. Similar 
conclusion can be reached by starting directly with the expression for scalar curvature, 
which in virtue of (|5.5| ) can be presented in the form 



n(n — 1)B 



-2 



-2n 



Rcurv = -^ ~ (tE - to) ~ \ts - tso\ ""^ , tg ^ t^Q (5-29) 

We turn now to the other asymptotic limit t^ ^ oo , which is possible for open 
and flat models only. From the relations ( |5.22| ) and( |5.25"D one can easily finds 







1-/33 


R 


rsj 


ts"-' 


R 


rsj 


t'.ql 



fe("-l) 
, e^^-ts"^"" , t. ^00, k = (5.30) 

e^'^ ~ (A, + (3,/ A,) /2 + l/t:-\ ts^ 00, k = -l 
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Note that for k = —1 the hmiting value ip{oc) > v^min = ln/32/4. For the rela- 
tive contribution of moduli and antisymmetric tensor field to the energy density one 
obtains 

^t^i>^ = EC? + 2C;;e-- (5.31) 

^ R^ + e i 

and the evolution of the universe is moduli dominated at tg — > tso-The string frame 
scale factor R and dilaton e'^ (as functions of tg) in spatially flat, open and closed 
n = 3 models are plotted in Fig.l for |/3i| < 1 (left hand-side) and |/?i| > 1 (right 
hand-side). The plots for the case |/3i| = 1 can be found in |^ (see below). 
For n = 3 by introducing a new time coordinate t in accordance with 



2kt^ = tl + kt^_ - {t\ - kit) cos 2y/kr], z = . -^ -^ (5.32) 

\ 6_|_ rCT 



and choosing R^ = ft^ — /ct^j /2 for the line element corresponding to the solution 
( p. 91 ) we can write 



2^+2 



rdt 



'{tl-kt^){t^-tl) ^ 



For the particular values of integration constants 

Vii = -1, (^ Pi = 1) (5.34) 

from the expressions (|5.21| ), (|5.22| ) and (|5.24|) we have 



e'^ = , ^ ^ , e^^'^^-^^o) = ^+ •; , (5.35) 

2J{tl-kt^){t^-tl) i^-t- 



ej l-ktl/tl) ^^^„_^„^^ ti-ke 

-kt^){t^- 

where the substitution [32 = i?_/i+ is used. The expressions ( p. 331 ), ( p. 351 ) represent AD 
tree level solutions of the effective string theory in the E - frame. The corresponding 
solutions in the string frame can be found by transformation (|4.11|) with the function 



Fr = e '^'^. They were found earlier and are investigated in Ref. ^^ by using the 
5D solutions of 173, I75i. 



6 Conclusion 

In the present paper homogeneous anisotropic cosmological models are investigated 
within the framework of the effective string gravity with higher genus corrections 
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and described by the action (|2.1|) . The various conformal frames are considered, the 
most important of which are the string , Einstein and Jordan frames. A class of 
nongravitational sources is distinguished, for which the Jordan frame can be reahzed. 
The field equations are derived in general conformal frame. It allows to obtain the 
dynamics of model in various conformal frames by the corresponding choice of the 
conformal factor. The equations of the cosmological model are the simplest in the 
E - frame. In the absence of nongravitational sources the solutions with Ricci - flat 
subspaces have the form ([4.8|) , (^4.10 ) in the E - frame and ( 4.12| ) in the string frame. 



They generalize the multidimensional Kasner solution in GR. Further as an additional 
source a set of modulus and Kalb - Ramond fields is considered. In the case of zero 
potential terms this system is reduced to an effective source with the extreme hard 
equation of state. For such a source the equation of the dilaton field can be presented 
in the form ( [4.4|) . The phase trajectories of the corresponding dynamical system 
in the neighborhood of the solutions with constant dilaton are closed curves and 
the nonmonotonic dilaton dependence of the coupling functions can not stabilize the 
expectation value of the dilaton. This is a consequence of the fact that for the source 
under consideration the corresponding friction term in dilaton field equation vanishes. 
In the E- frame the corresponding solution with a set of modulus and antisymmetric 
tensor fields as a nongravitational source the scale factors coincide with those for 
vacuum solution. For anisotropic models with Ricci - fiat subspaces and for given 
coupling functions in the Lagrangian (|2.1| ) the evolution of dilaton, modulus and 
axion fields is determined by relations (|4.21|) , ([4.22|) . Section 5 is devoted to the 
isotropic models with a space of arbitrary curvature and with a set of modulus fields 
and Kalb - Ramond field as an additional source. The corresponding solutions have 
the most simple form in terms of conformal time. The E - frame scale factor, dilaton, 
modulus fields and axion are determined by relations (|5.9|) , (|5.12|) and ( [4.20| ), and E - 



frame synchronous time coordinate is connected with the conformal time by relation 
( p. 17] ). Unlike the fiat and open models, lifetime of closed models is finite (see ( p.l8| )). 



The considered solutions are singular at some finite time moment. In a vicinity of this 
point all solutions tend to the solution with Ricci - flat subspaces. The tree level limit 
of received solutions is considered. The corresponding formulas have the form (|5.21| ), 



( p.22| ), ( p. 241 ) in the E - frame and ( [5.25| ) in the string frame and are generalizations 



of the earlier known solutions [^, |3^ 

For the solutions considered above the growth of the curvature is unbounded. 
In the higher curvature regime string corrections modify the lowest - order effective 
action ( ^.1| ). In particular, higher derivative terms, whose contribution is controlled 
by the string tension a , become important. The investigations have shown such 



corrections can regularize the curvature singularity [^, |^ - |^ . 
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Figure Captions 

Fig.l. Plots for the string frame scale factor R (solid lines) and dilaton e*^ 
(daslied)as functions of synchronous time coordinate tg in spatially flat (a,b), open 
(c,d) and closed (e,f) n = 3 models described by the solution ( |5.22|) , (|5.25|) . On the 
left hand-side is |/3i| < 1 and on the right hand-side is \j3i\ > 1. 
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